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Light propagation in two Swiss cheese models based on anisotropic Szekeres structures is stud-
ied and compared with light propagation in Swiss cheese models based on the Szekeres models’
underlying Lemaitre-Tolman-Bondi models. The study shows that the anisotropy of the Szekeres
models has only a small effect on quantities such as redshift-distance relations, projected shear and
expansion rate along individual light rays.
The average angular diameter distance to the last scattering surface is computed for each model.
Contrary to earlier studies, the results obtained here are (mostly) in agreement with perturbative
results. In particular, a small negative shift, δDA :=
DA−DA,bg
DA,bg
, in the angular diameter distance
is obtained upon line-of-sight averaging in three of the four models. The results are, however, not
statistically significant. In the fourth model, there is a small positive shift which has an especially
small statistical significance. The line-of-sight averaged inverse magnification at z = 1100 is con-
sistent with 1 to a high level of confidence for all models, indicating that the area of the surface
corresponding to z = 1100 is close to that of the background.
PACS numbers: 98.80.-k, 98.80.Jk, 98.80.Es
I. INTRODUCTION
It is standard to interpret cosmological observations
simply with the spatially homogeneous and isotropic
Friedmann-Lemaitre-Robertson-Walker (FLRW) mod-
els. Since the Universe is not exactly spatially
homogeneous and isotropic, it is not a priori clear
that this is a valid approach. However, it was argued
in [1] that FLRW light propagation relations should
be approximately valid for average observations in
spacetimes exhibiting compensation of inhomogeneities
along light rays. Such considerations were studied more
thoroughly in [2, 3], with the conclusion being that
average observations should be well described by the
volume-averaged dynamics and geometry in (spatially)
statistically homogeneous and isotropic spacetimes with
structures evolving slowly compared to the time it
takes a light ray to pass through them, if light samples
spacetime fairly 1 . Under these requirements, and to the
extent that cosmic backreaction (see e.g. [4–7]) and a
possible local inhomogeneity can be neglected, it is then
valid to use FLRW models to interpret observations.
However, the requirement of tracing spacetime fairly
is not necessarily fulfilled for observations involving
point-like sources such as supernovae (see e.g. [8, 9]).
The requirement is on the other hand expected to be
fulfilled for observations related to sources with large
angular extent such as the CMB [9].
As pointed out in e.g. [10], analyses of CMB observa-
tions depend crucially on the angular diameter distance
∗ koksbang@phys.au.dk
1 A light ray is said to sample spacetime fairly if the averages of
relevant quantities such as density, expansion rate etc. along the
ray correspond well with the volume-averages of these quantities,
with statistical deviations permitted.
to the last scattering surface, DA,ls. It is therefore
important to know if there are small systematic shifts in
the redshift-distance relation in inhomogeneous space-
times fulfilling the above listed requirements, compared
to the relation obtained using the volume-averages of
such spacetimes (which correspond to FLRW models
when backreaction can be neglected). Studies involving
both perturbation theory [11, 12], N-body simulations
[13, 14] and exact, inhomogeneous solutions to Einstein’s
equations (e.g. [10, 14–20]) imply that small shifts in
the average value of DA due to inhomogeneities indeed
occur. However, as discussed in e.g. [11, 12], this shift
in DA,ls is already included in standard analyses of the
CMB based on perturbation theory. This conclusion is
only valid to the extent that a small average shift in
DA,ls actually is described adequately by perturbation
theory. It is in this respect important to acknowledge
that perturbation theory is only an approximation
scheme and that subtle effects important for precision
cosmology may be beyond its reach. This makes it
important to test results obtained with perturbation
theory to make sure that they are actually true for
spacetimes exhibiting, especially nonlinear, structure
formation. One tool for performing such tests is Swiss
cheese models based on the spherically symmetric
Lemaitre-Tolman-Bondi (LTB) [21–23] structures glued
together in areas where they have reduced to FLRW
“backgrounds” representing the volume-averages of
the given Swiss cheese models. These (toy-)models
give a description of spacetimes with energy-density
fluctuations on well-defined average FLRW backgrounds
and can thus be considered as describing “exact per-
turbations” on FLRW backgrounds. This makes Swiss
cheese models based on LTB structures excellent for
testing perturbative results.
By using Swiss cheese models based on LTB struc-
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2tures, it has been found that there are no large shifts in
the average redshift-distance relation except as selection
effects arising when only special light rays in a given
spacetime are considered (see e.g. [16] vs. [24, 25]).
A noticeable exception is [26] where a 30% shift in
the average redshift-distance relation compared to that
computed using volume-averaged quantities was found
at z = 100. However, it is not entirely clear to what
extent this large shift is related to the occurrence of
surface layers in the studied model.
Results based on Swiss cheese models with LTB
structures should be in line with perturbation theory; it
has been shown with direct comparisons that perturba-
tion theory based on (semi-)nonlinear LTB density fields
and the corresponding exact velocity fields reproduces
exact light propagation in LTB models very well [27, 28]
(see also [16, 29–32] for the relation between LTB
models and perturbation theory). An important factor
for the impressive reproductions of light propagation in
LTB models with perturbation theory in [27, 28] is the
spherical symmetry of the LTB models; the reproduction
is inhibited for anisotropic Szekeres structures because
the method employed for obtaining velocity fields leads
to artificial non-vanishing peculiar velocity fields outside
non-spherically symmetric structures. That is, the
method leads to non-vanishing peculiar velocity fields in
regions where the exact anisotropic Szekeres models have
reduced to FLRW models and hence should not give
rise to peculiar velocity fields. This is unfortunate since
real structures are not exactly spherically symmetric,
making it important to know if spherical symmetry is
essential for the agreement between Swiss cheese and
perturbative results 2. It is in this respect notable
that anisotropic Szekeres models exhibit structure
formation that deviates significantly from both that
of the underlying LTB models and from predictions
of perturbation theory [34–38]. In addition, it is very
clear from figure 7a in [28] that light propagation is
significantly affected by anisotropy; in that figure, it is
seen that an initially radial light ray following an exact
geodesic of an anisotropic Szekeres model moves through
a significantly different density field than a light ray
traced simply by using the Born approximation. Such a
result is not possible for light rays in LTB models since
the spherical symmetry dictates that an initially radial
light ray remains so.
The above considerations imply the importance of
studying whether the anisotropy of quasispherical
Szekeres structures affects average observations of e.g.
2 During the final stages of preparing this paper, a paper ([33])
relating Szekeres models to perturbation theory was published.
The work presented there will be valuable for studies, especially
theoretical ones, of how Szekeres models deviate from perturba-
tion theory.
the angular diameter distance to the surface of last
scattering. However, while there are ample studies
involving light propagation in LTB models, only few
studies involve observations in Swiss cheese models based
on anisotropic Szekeres structures. In fact, only a single
study of average observations in Swiss cheese models
based on Szekeres models seems to exist, namely [17].
The results from that paper indicate a small average
shift in the angular diameter distance compared to the
background value. The study in [17] uses an ensemble
average which is typical of Swiss cheese studies with an
important exception being [15] where line-of-sight aver-
ages are used. As shown in [39] (see e.g. also [11, 40]),
second-order perturbation theory predicts that ensemble
averages lead to a positive shift in the angular diameter
distance while line-of-sight averages lead to a negative
shift (with the shift defined as δDA :=
DA−DA,bg
DA,bg
such
that a negative shift corresponds to image magnification,
and a positive to demagnification). In partial contra-
diction to this, positive shifts are obtained in both [15]
and [17], where the shift is, however, not statistically
significant in the former. Furthermore, it has been
shown that the ensemble average of the magnification
µ :=
D2A,bg
D2A
is equal to 1 while its inverse averages to
1 upon line-of-sight averages [12, 39–41]. These results
hold at least to second order in perturbation theory, in-
sofar that perturbations to the areas of constant-redshift
surfaces are negligible (which is generally assumed to
be the case). However, the study in [15] finds a low
probability of an average µ−1 equal to 1 while the
erratum to [17] describes a good agreement with an
average value of µ−1 of 1. In summary, the studies of
average light propagation in Swiss cheese models do not
seem to be entirely consistent with neither each other
nor with perturbation theory.
The Swiss cheese models used in [15] and [17] differ
from each other in significant ways aside from the
anisotropy issue. Hence, a comparison between the
results in those two papers cannot yield much insight
into the possible effects anisotropic structure formation
has on observations. The purpose with the work
presented here is to obtain such information, i.e. the
study presented here is concerned with determining
if the anisotropy of quasispherical Szekeres structures
affects observations such as DA,ls and whether or
not the anisotropy of the Szekeres models influences
(dis-)agreement with perturbative results. The study is
conducted by constructing four different Swiss cheese
models that only differ in the shape of their individual
structures. The structures in two of the models are
anisotropic Szekeres structures, while their underlying
LTB models are used for constructing the other two.
By studying Swiss cheese models with both anisotropic
structures and their “underlying” spherically symmetric
structures, it is possible by direct comparisons to
quantify effects of anisotropy. Besides computing the
average of DA,ls in each of the models, the density, the
3distance-redshift relation, the shear and the expansion
rate along individual rays are also studied.
II. MODEL SPECIFICATIONS
This section serves to introduce the Szekeres models
and specify the particular models used in this study. In
addition, a brief description of the construction of Swiss
cheese models is given.
The quasispherical Szekeres models [42, 43] are ex-
act, inhomogeneous dust solutions to Einstein’s equa-
tions which can easily incorporate a homogeneous compo-
nent with pressure [44] such as a cosmological constant.
In general, the quasispherical Szekeres models have no
Killing vectors [45] and hence no symmetries (see e.g.
also [46]). Their line element can be written as:
ds2 = −c2dt2 +
(
A,r(t, r)−A(t, r)E,r(r,p,q)E(r,p,q)
)2
1− k(r) dr
2
+
A(t, r)2
E(r, p, q)2
(dp2 + dq2)
(1)
Subscripted commas followed by a coordinate or its index
indicates partial derivative with respect to that coordi-
nate.
The metric function E is given by E = 12S (p
2 + q2)−
pP
S − qQS + P
2+Q2+S2
2S , where S, P and Q are continu-
ous but otherwise arbitrary functions of r (with S 6= 0).
The functions P , Q and S represent dipole distortions
of the spacetimes of “underlying” spherically symmetric
LTB models. If they are chosen to be constant, the par-
ticular quasispherical Szekeres model reduces to such an
underlying LTB model. In addition, the quasispherical
Szekeres models have the FLRW models as their homoge-
neous and isotropic limit. The FLRW limit is achieved by
setting E = 12
(
1 + p2 + q2
)
, k(r) ∝ r2 and A(t, r) = ar,
with a being the scale factor of the FLRW model. In the
following, quasispherical Szekeres models will be referred
to simply as Szekeres models. Since LTB models are also
strictly speaking Szekeres models, Szekeres models which
are specifically not spherically symmetric are sometimes
referred to as anisotropic Szekeres models.
For a Szekeres metric combined with dust and a cosmo-
logical constant, the diagonal components of Einstein’s
equation yield (GN denotes Newton’s constant):
1
c2
A2,t =
2M
A
− k + 1
3c2
ΛA2 (2)
ρ =
2M,r − 6M E,rE
c2βA2
(
A,r −AE,rE
) , β = 8piGN/c4 (3)
The curvature function, k, and the integration constant,
M , both depend on the radial coordinate only while A
Model n m Qmax np mp
sz1/ltb1 6 6 1.768 · 10−5 10 4
sz2/ltb2 2 4 4.368 · 10−3 2 10
TABLE I. Specification of anisotropic Szekeres models and
their underlying LTB models. n and m specify k(r) and hence
the LTB models while Qmax, np and mp specify the functions
Q = P of the anisotropic Szekeres models.
depends on both r and t. The top equation is also valid
for LTB models, while the expression for the density
in the LTB limit reduces to ρLTB =
2M,r
c2βA2A,r
because
E,r = 0 in the limit of spherical symmetry.
In general, neighboring voids and walls in the
real universe are not expected to mass-compensate each
other completely. Therefore, the most realistic void-wall
Szekeres structures are presumably not those which
reduce exactly to an FLRW model at a finite radius.
However, by using such models, it is possible to obtain
a larger packing fraction of voids in the Swiss cheese
models without introducing discontinuities at boundaries
between individual structures and the FLRW spacetime
patches between the structures. Consequently, the
models studied here are constructed so that they at
r = 40Mpc reduce exactly to the flat ΛCDM model
specified by Ωm,0 = 0.3 and H0 = 70km/s/Mpc. The
comoving radius of 40Mpc of the void-wall double-
structures leads to a present day void radius slightly
below 40Mpc for two of the models and approximately
30Mpc for the two other models.
Reported typical sizes of voids in the Universe depend
highly on the employed void definition including e.g.
limits on void depths (compare e.g. the findings of
[47] and references therein with those of [48, 49]). A
void radius of approximately 40Mpc fits well within
the (broad) range of void sizes of [47–49] and with the
voids used in other Swiss cheese studies including [15, 17].
The LTB models have two free functions and an
extra degree of freedom from coordinate covariance in
r. The coordinate covariance is here removed by setting
A(ti, r) = a(ti)r, where ti is the age of the Universe at
z = 1200 according to the ΛCDM background model
specified above, and a is the scale factor of that model.
The first free function which is specified is the time of
the big bang, i.e. the time where A(t, r) = 0. It is
here set equal to zero so that the models contain no
decaying modes (any constant value of the big bang time
is equally valid for this purpose - see [50] for details).
At early times where the cosmological constant can be
ignored, a big bang time of zero implies the following
relation between k and M (see equation 2.14 in [51]):
M(r) =
4piGNρbg(ti)
3c2 (a(ti)r)
3
(
1 +
3
5
k(r)c2
(ra(ti)H(ti))
2
)
(4)
a,H and ρbg denote the scale factor, Hubble parameter
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FIG. 1. Present time 1D density profiles of anisotropic Szekeres models (solid lines) and their underlying LTB models (dotted
lines). Models sz1 and ltb1 are shown in the figure to the left while models sz2 and ltb2 are shown in the figure to the right.
Comoving coordinates are in units of Mpc.
and density of the background model.
The final specification of the LTB models is given by
specifying k:
k(r) =
{
−5.4 · 10−8r2
((
r
rb
)n
− 1
)m
if r < rb
0 otherwise
(5)
The numerical values of the two constants n and m are
indicated in table I. rb is set equal to 40Mpc.
To further specify the Szekeres models, their dipole
functions must also be given. Here, the choices S = 1
and P = Q are made, with P = Q specified as:
P = Q =
{
−r2Qmax
((
r
rb
)np − 1)mp if r < rb
0 otherwise
(6)
The numerical values of Qmax, np and mp are shown in
table I.
The four models are denoted sz1, ltb1, sz2 and
ltb2. Present time density profiles of the models are
shown in figure 1. The values of n and m have been
chosen such that the resulting density contrasts are of
similar size as those in the model studied in [17] and the
void-profile used in [15]. However, the density contrasts
of ltb1 and sz1 have been designed to be somewhat
larger than the density contrasts of ltb2 and sz2 so
that the effect of different density contrasts can be
estimated. Qmax, np and mp have been chosen so that
large anisotropies are achieved while keeping in mind
that a steeper transition between under- and overdensity
leads to slower numerical computations. The models
have also been designed so that the anisotropy of model
sz1 is concentrated around the overdensity of the model
while the anisotropy of model sz2 is clear also in its
void-region.
For simplicity, the Swiss cheese model based on model
sz1 will also be referred to simply as sz1 and likewise for
the other models.
A. Construction of the Swiss cheese models
The Swiss cheese models used here are constructed
by arranging 1222 Szekeres structures with random
(but fixed) orientations in a periodic box with side
lengths of 860Mpc. The Szekeres structures are ar-
ranged as a random close-packing of hard spheres of
comoving radii approximately equal to 43Mpc. The
packing is obtained by using the Jodrey-Torey algorithm
[52, 53]. For appropriate initial conditions (see [52]),
the Jodrey-Torrey algorithm leads to a packing fraction
of approximately 0.64 which corresponds well with
the experimentally obtained largest packing fractions
of random close-packed hard spheres [54]. Since the
radius of the close-packed spheres used here is slightly
larger than the radius of the actual Szekeres structures,
the packing fraction of the Szekeres structures in the
Swiss cheese models is only 0.515. According to [55],
approximately 77% of the Universe’s volume is made up
of voids. However, as mentioned in [48], the “packing
fraction” of voids in the real universe depends on the
employed definition of voids and survey analyses lead
to observed packing fractions in the approximate range
0.3 − 0.75 [48], with, for instance, the packing fractions
reported in [48, 49] being roughly 0.3 − 0.4. Hence, the
packing fraction of approximately 0.5 used here seems
fairly reasonable. Note also that the packing fraction
of 0.515 lies in-between those used elsewhere: On one
hand, the packing fraction used here is much larger
than that used in other Swiss cheese models constructed
as fixed spacetimes. For instance, in [15], the actual
5packing fractions of voids is only approximately 3 0.07.
On the other hand, most Swiss cheese models are
not constructed as fixed spacetimes. Instead, LTB or
Szekeres structures are arranged on-the-fly along light
rays which makes it possible to obtain a quite large
effective “packing fraction” of voids along individual
light rays.
A packing fraction larger than approximately 0.64 in
Swiss cheese models constructed as fixed spacetimes can
be obtained by using multiple-sized structures. Random
close-packing of di- and polydisperse spheres can e.g.
be obtained with the algorithms of [56, 57]. Only Swiss
cheese models with single-sized structures are considered
here.
A larger packing fraction can also be obtained by
switching from a random close-packing to another
close-packing distribution such as a cubic close-packing.
However, the Swiss cheese models are more realistic
when the distribution of structures are random. It
should be noted though that even with a random
close-packing og Szekeres structures, the distribution of
matter in the Swiss cheese models is not particularly
realistic and the models must be considered as merely
toy-models of the Universe.
All four Swiss cheese models have identical distri-
butions, orientations and comoving sizes of structures so
that the only difference between them is the shapes of
their structures.
III. LIGHT PROPAGATION
This section gives a very brief description of light
propagation in Szekeres structures. For details, please
see e.g. [17, 28, 58].
In the geometric optics approximation, the paths
of light rays can be obtained by solving the geodesic
equations [59, 60], ddλ
(
gαβk
β
)
= 12gβγ,αk
βkγ , where λ
is an affine parameter, gαβ the metric tensor and k
α
the null-geodesic tangent vector. In order to obtain the
angular diameter distance along these light paths, it is
necessary to describe the deviation between neighboring
light rays in a light ray bundle. Following extensions
of early considerations described in [61], this is done by
using the transport equation [62]:
D¨ab = T
a
c D
c
b (7)
3 The packing fraction in [15] is given as approximately 0.34 for
spheres of comoving radius 50Mpc/h. However, as mentioned in
[15], the LTB void model considered only deviates significantly
from the FLRW backgrounds at r ≤ 30Mpc/h. Hence, the actual
packing fraction of LTB structures is only approximately 0.07.
Tab is the optical tidal matrix and has the following com-
ponents:
Tab =
(
R−Re(F) Im(F)
Im(F) R+Re(F)
)
(8)
R := − 12Rµνkµkν and F := − 12Rαβµν(∗)αkβ(∗)µkν ,
where Rµν is the Ricci tensor, Rαβµν the Riemann
tensor and µ := Eµ1 + iE
µ
2 with E
µ
1 , E
µ
2 spanning screen
space.
Dab in equation (7) is the deformation tensor which
describes the evolution of the shape of the screen
space area of the given light ray bundle (see e.g. [62]
for details). In particular,
√|detDab | describes the
angular diameter distance along the light ray when
initial conditions are set appropriately (see [28] for
initial conditions in the case of Szekeres models). The
angular diameter distance along an individual light ray
is therefore obtained by solving the transport equation
simultaneously with the geodesic equations and the
equations of parallel transport of Eµ1 , E
µ
2 along the given
null-geodesic.
The results regarding the angular diameter distance
will in the following section be represented by the shift,
δDA :=
DA−DA,bg
DA,bg
, in the angular diameter distance,
where DA is the angular diameter distance computed
along a given light ray while DA,bg is the corresponding
angular diameter distance in the background model at
the same redshift. In standard first-order perturbation
theory, fluctuations in DA are described by the conver-
gence κ according to the relation DA ≈ DA,bg (1− κ),
i.e. δDA ≈ −κ. As mentioned in [63], in first-order
perturbation theory, the convergence can be split into
five components, namely the ISW and SW contribu-
tions, the Shapiro time-delay contribution, the Doppler
contribution and the gravitational convergence (see e.g.
[64] for a derivation). The first three contributions are
subdominant to the other two. The Doppler conver-
gence arises due to redshift perturbations. In standard
perturbation theory based on the Newtonian gauge, the
Doppler convergence can be ascribed peculiar motions
of the source and observer. In LTB and Szekeres models
described in a comoving foliation of spacetime there
are no peculiar motions but the Doppler convergence
persists since the inhomogeneous spacetime induces
fluctuations in the redshift. The Doppler convergence
is a local effect that becomes subdominant to the
gravitational convergence at redshifts z & 0.5 (see e.g.
[28, 65]). The gravitational convergence is given by
κδ =
4piGN
c2
∫ rs
0
dra2δρ (rs−r)rrs , where δρ := ρ − ρbg,
rs is the radial distance from the observer (placed at
the origin) to the source, and the integral is along the
Born approximated light path. Clearly, the primary
contributions to κδ come from low redshift structures
as density fluctuations at early times are suppressed
compared to those at late times.
Since κ ≈ −δDA, these considerations also apply to
6δDA. It should therefore not be necessary to populate
the entire universe along a light ray with structures
in order to obtain the main parts of the effects inho-
mogeneities have on light propagation. Although all
light rays are traced back to the time of last scattering,
here defined 4 by z = 1100, light rays are therefore not
entered into any new structures once the redshift exceeds
seven, i.e. for z ≥ 7. By studying a few individual
light rays it has been checked that this is sufficient to
obtain the main part of the effects that inhomogeneities
have on light propagation. Note though, that primary
anisotropies of the CMB are due to inhomogeneities
at the last scattering surface which are not included here.
As implied in the above discussion of the Doppler
convergence, the redshift along light rays in the Swiss
cheese models will fluctuate around the background
redshift. As discussed in [2, 3], these fluctuations should
not accumulate over large distances since the Swiss
cheese models studied here are statistically homogeneous
and isotropic with structures only evolving a small
amount during the time it takes a light ray to traverse
them. This assertion is in agreement with studies based
on redshift fluctuations in Swiss cheese models such
as [31] which in fact show that the accumulation in
the redshift fluctuation from even a single structure is
typically negligible. The results of section IV A 1 show
that this is also the case for the models studied here.
IV. RESULTS
In this section, the results obtained from studying light
propagation in the four Swiss cheese models are pre-
sented. Just as the four models are identical except for
the shapes of the individual structures, the position of
the observer (placed randomly in an FLRW patch) and
the lines of sight are the same in the four studies.
As part of the scheme used to distribute Szekeres struc-
tures in the Swiss cheese models, each structure was given
a number. If two light rays in different models travel
through the same sequence of structures, they will be
said to travel through equivalent portions of spacetime.
A. Individual light rays
For each model, the redshift-distance relation along
two individual light rays has been computed. The re-
sults are shown in figure 2. Note that the figures clearly
show that the gravitational convergence becomes non-
negligible around z = 0.1 and becomes dominant before
4 The surface of last scattering could also be defined as that corre-
sponding to t = tls. The difference between the two definitions is
negligible and at any rate sub-dominant to effects arising in the
real universe due to decoupling not actually being instantaneous.
z = 1. As discussed in the previous section, this is ex-
actly as expected and has earlier been studied in [28, 65]
(see also [32, 64]).
Figure 2 shows the results along two groups of four
light rays initialized identically but each in a different
Swiss cheese model. Within these two groups, all four
light rays turn out to travel through equivalent portions
of spacetime. While it is not too surprising that the light
rays of models ltb1 and ltb2 have equivalent paths, the
result is less obvious for models sz1 and sz2 since light
rays are bent significantly by the anisotropic structures
of these models. Apparently, the bending of a light ray
when it enters a structure is largely countered by the
bending it experiences on its way out of the structure.
It is not expected that such a result is valid in a general
spacetime, i.e. if two general inhomogeneous spacetimes
have the same distribution of (differently shaped) struc-
tures, there is no reason to expect that the null geodesics
of the two spacetimes are equivalent. Instead, the result
found here is expected to be due to the specific dipole
nature of the anisotropy of the Szekeres spacetimes.
Indeed, the anisotropy of Szekeres models is very special
as it renders the spacetime outside the inhomogeneity
entirely unaffected by the structure despite the general
Szekeres structures not being spherically symmetric.
This is an important feature of the Szekeres models as it
is necessary in order for the models to reduce to FLRW
models outside the structures and hence be appropriate
for Swiss cheese constructions. Unfortunately, it seems
that this same feature limits the extent to which effects
of anisotropy on light propagation can be studied with
these models.
As illustrated in figure 2, although the light rays
travel through equivalent portions of spacetime, their
redshift-distance relations are not identical. This is
because the density distributions along the light rays
are not identical and hence e.g. the gravitational
convergence will not be the same along the individual
rays. The smaller density fluctuation amplitudes of
models sz2 and ltb2 compared to those of models sz1
and ltb1 therefore explain the smaller numerical values
of δDA along light rays in the former two models.
While δDA is roughly the same in models sz1 and ltb1,
there is a clear difference between δDA along the rays in
models sz2 and ltb2. This could be a result of the fact
that the anisotropy of model sz1 is most prominent at
the overdensities of the structures while the anisotropy
of the structures in model sz2 is significant also inside
the voids. Indeed, the densities along the light rays in
models sz1 and ltb1 are almost identical with only a
small difference at the overdensities. Contrary to this,
there is a clear difference between the densities along
the light rays in models sz2 and ltb2. This can be seen
in the close-ups of the density fields shown in figure 2.
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FIG. 2. The shift in the angular diameter distance along individual light rays and the corresponding densities. Results along
equivalent rays in models based on Szekeres and underlying LTB structures are shown in the same figure with solid and dotted
lines, respectively. The results are shown for two light rays in each model, namely one with a negative and one with a positive
δDA at high redshifts. The light rays corresponding to subfigures a and c are equivalent while the same is true for those
corresponding to subfigures b and d. The plots are only shown in the interval z ∈ [0, 8] since the light rays are set to not enter
any new structures for z ≥ 7. Close-ups are included for the redshift interval z ∈ [0.01 : 0.1].
1. Expansion rate and shear
The redshift along a light ray can be computed as [2, 3]
(see e.g. also [59, 66]):
1 + z = e
∫ t0
t(λ)
dt( 13 θ+c
2σβαe
αeβ)
= e
∫ t0
t(λ)
dt( 13 〈θ〉) · e
∫ t0
t(λ)
dt( 13∆θ+c
2σβαe
αeβ)
(9)
θ := uα;α = 〈θ〉 + ∆θ = 3H + ∆θ denotes the local ex-
pansion rate while σαβ = u(α;β) − 13hαβθ is the shear
with hαβ = gαβ + uαuβ the projection tensor projecting
onto hypersurfaces orthogonal to the dust velocity field
uα. eα =
uα
c2
−kα
uβkβ
is proportional to the spatial direction
of kα. For the Szekeres metric, θ and the non-vanishing
components of σαβ are:
θ =
A,tr − 3A,t E,rE + 2A,tA,rA
A,r −AE,rE
σrr =
2
3
A,tr − A,tA,rA
A,r −AE,rE
σpp = σ
q
q = −
1
2
σrr
(10)
It was argued in [2, 3] that the contributions of ∆θ and
σαβe
αeβ should vanish up to statistical fluctuations in
the integral of equation (9) for statistically homogeneous
and isotropic spacetimes with slowly evolving structures.
However, for the Swiss cheese model studied in [26], it
was found that the integrals of ∆θ and the projected
shear did not cancel individually, but they did cancel
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FIG. 3. The exponential of the integrals of ∆θ and σαβ eαe
β . In each figure, the upper plots are for Szekeres models while
the lower plots are for the corresponding LTB models. Solid lines show e
∫ t0
t(λ)
dt( 13∆θ+c
2σαβ eαe
β) while dash-dotted lines show
e
1
3
∫ t0
t(λ)
dt∆θ
and dotted lines show e
c2
∫ t0
t(λ)
dtσαβ eαe
β
. Figure titles indicate whether the given light ray has a positive or negative
shift in DA at high redshifts.
with each other. As noted in [26], it is interesting to see
if this feature also appears for models without surface
layers. The two quantities have therefore also been con-
sidered along the eight studied individual light rays. The
results are shown in figure 3. The figure clearly shows
that the contributions from ∆θ and σαβe
αeβ cancel with
each other to a high precision. It would be very interest-
ing to learn if this is a feature particular to the Szekeres
models or if it is a more general result.
As with the angular diameter distance results, the re-
sults regarding ∆θ and σαβe
αeβ are very similar for mod-
els sz1 and ltb1, and sz2 and ltb2, with the difference
between the results of the two latter being slightly more
prominent.
B. The line-of-sight averaged angular diameter
distance to the last scattering surface
In figures 2(a) and 2(c), δDA is positive at high
redshifts while it is negative in figures 2(b) and 2(d).
The feature decisive for the sign of δDA is the “amount”
of over- and underdensity along the light rays, with the
negative δDA achieved when overdensities dominate
sufficiently along a given light ray 5 . For the real uni-
verse, it is expected that light rays spend most of their
time in underdense regions and hence a positive δDA is
more common. In the Swiss cheese models studied here
however, the light rays cannot enter into voids without
also moving through compensating overdensities. On
the other hand, it is possible for the light rays to move
through overdense parts of the individual structures
without entering into the underdense regions (this was
also pointed out in [31]). Therefore, it is a priori
expected that a negative δDA should be more common
in the Swiss cheese models. Table II shows the average
shift in DA,ls, 〈δDA,ls〉, obtained for the four models
studied here. 98304 light rays have been used to compute
the average for each model. Following the approach
in [15], the errors and confidence intervals have been
obtained with a bootstrap approach (first introduced in
[67]), here based on 105 samples. Distributions of δDA,ls
and 〈δDA,ls〉 are shown in figure 4.
5 This is true regardless of the contribution from the Weyl tensor as
this always leads to a decrease in the angular diameter distance
compared to the background. This is e.g. seen by equation 2.8a
in [62] and is also discussed in e.g. [12, 60].
9Model 〈δDA,ls〉 σ 95% limits for 〈δDA,ls〉 99% limits for 〈δDA,ls〉
sz1 −1.13 · 10−4 5.43 · 10−5 [−2.19 · 10−4,−6.81 · 10−6] [−2.52 · 10−4, 2.73 · 10−5]
ltb1 −1.10 · 10−4 5.42 · 10−5 [−2.16 · 10−4,−4.09 · 10−6] [−2.48 · 10−4, 3.00 · 10−5]
sz2 −1.60 · 10−6 1.81 · 10−5 [−3.73 · 10−5, 3.38 · 10−5] [−4.81 · 10−5, 4.51 · 10−5]
ltb2 1.78 · 10−6 1.79 · 10−5 [−3.32 · 10−5, 3.69 · 10−5] [−4.41 · 10−5, 4.78 · 10−5]
TABLE II. Average shift in the angular diameter distance to the last scattering surface, 〈δDA,ls〉, together with a standard
deviation and 95% and 99% confidence interval obtained by bootstrapping with 105 samples.
For three of the four models studied here, the average
shifts obtained are negative, corresponding to an average
image magnification. As explained above, this makes
sense intuitively. More importantly, it is in agreement
with the analyses of e.g. [39] which shows that the
angular diameter distance decreases upon line-of-sight
averaging which is the type of averaging conducted here
since fixed spacetimes are used. The corresponding 95%
confidence intervals obtained for models ltb1 and sz1
are purely negative while their 99% confidence intervals
contain zero and positive values. For model ltb2, already
the 95% confidence interval contains positive values.
In addition, the average angular diameter distance of
model ltb2 is itself positive. However, the shift is very
small and in particular much smaller than the estimated
error (corresponding to one standard deviation), as is
also the case for model sz2. Even for models sz1 and
ltb1, the negative shifts are only significant to 2σ. It is
notable that the results obtained here have such a low
significance even though eight times more light rays were
used here than in [15], where a similar significance (1σ)
was obtained for the void-model of that study. Also in
[17] a much higher statistical significance was obtained
with a much lower number of light rays. For models
sz1 and sz2 this could be due to the larger density
contrast of the models compared to those in [15, 17].
Models sz2 and ltb2 have density fluctuations closer to
those in [15, 17], but for these two models the lack of
statistical significance is clearly a consequence of the
small numerical value of the average.
The dominant sign (negative) of the shifts ob-
tained here is opposite of that found in most other Swiss
cheese studies based on LTB and Szekeres models and
in particular of those found in [15, 17] (see e.g. [14] for
one of the few exceptions). However, as mentioned in
the introduction, the average in [17] must be considered
an ensemble average and not an line-of-sight average 6 ;
the results studied in [17] are obtained by tracing light
rays along distributions of Szekeres models constructed
on-the-fly and not in a fixed spacetime. Therefore, the
averages of [17] are over different realizations of a light
6 In the erratum of [17], the authors classify their average as a line-
of-sight average. The authors of [17] agree that it is in fact an
ensemble average that they compute. For the purposes in [17],
the ensemble average was considered sufficient as an approxima-
tion of a line-of-sight average.
ray in a single direction, i.e. an ensemble average as
described in e.g. [12, 39]. It was shown in [39] that the
ensemble average of the angular diameter distance is
increased compared to the background value (at second
order). Therefore, the negative shift obtained here and
the positive shift obtained in [17] are in agreement
with each other and with second-order perturbation
theory. The positive shift obtained in [15] is based on
an line-of-sight average and “should” therefore have
been negative. However, the seeming discrepancy can
possibly be attributed to the fact that the results of [15]
are (like those presented here) statistically insignificant.
Indeed, due to technical details, the results obtained
here were obtained using several sub-samples of light
rays, including ones with 4/5 of the total number of
light rays studied per model in [15]. Several of these
sub-samples had positive shifts while others had negative.
As mentioned in the introduction, well-known esti-
mates indicate that the ensemble of µ should equal 1
[41] and that the line-of-sight average of µ−1 should also
be equal to 1 [40], both being true only if the area of
the relevant constant-redshift surface is the same as in
the background FLRW model (see also [12, 39]). The
line-of-sight average value of µ− 1 and µ−1 − 1 together
with confidence intervals and standard deviations for the
models studied here are shown in table III. As seen, the
results show good agreement with the expectation that〈
µ−1
〉 − 1 ≈ 0. On the other hand, 〈µ〉 − 1 is not likely
to contain the value zero. This is also expected as it is
instead the ensemble average of µ which should equal 1
and not the line-of-sight average computed here. Thus,
while the results obtained here are again consistent with
perturbation theory, they are not consistent with the
results of [15, 17]. In fact, the results obtained for the
void-model of [15] are the opposite of those obtained
here with the line-of-sight average of µ corresponding
well with 1 but the line-of-sight average of µ−1 being
very unlikely to be consistent with the value 1. The
results discussed in the erratum of [17] indicate that the
obtained ensemble average of µ−1 is consistent with 1,
again contrary to what is expected based on perturbation
theory (if the total areas of constant redshift surfaces are
largely the same as in the background FLRW models).
The average values, confidence intervals and esti-
mated errors discussed above are very similar for
models sz1 and ltb1, and sz2 and ltb2. This is in good
agreement with the results of the previous subsection
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FIG. 4. Distributions of δDA and bootstrap distributions of 〈δDA〉 obtained for the four models. Results for sz1 and sz2 are
shown as bar charts with the bars centered at each subinterval. The results for ltb1 and ltb2 are shown with dotted lines.
and shows that the effects of the anisotropy of the
Szekeres models have a quite small overall effect on light
propagation results, at least when light rays traverse
entire structures.
Also as in the earlier subsections, the agreement
between the results of models sz1 and ltb1 are more
striking than the agreement between those of models sz2
and ltb2. In particular, the sign of 〈δDA〉 are opposite
indicating a poor agreement. However, the numerical
values of 〈δDA〉 for these two models are quite small
and have a very low statistical significance. Note also
that the positive value 〈δDA〉 obtained for ltb2 can be
understood in terms of the intuitive considerations at
the beginning of this subsection, i.e. by noting that the
overdensities surrounding the voids in ltb2 have quite
small amplitudes. This means that effects on a light
ray moving through overdensities without entering void
regions are diminished compared to in the other three
models. This feature also indicates that a particularly
large sample size is needed in order to obtain a negative
average shift (assuming that a negative shift is indeed the
result obtained with the sample size going to infinity);
as discussed in [39], the fact that ensemble averages of
DA,ls should be positive while its line-of-sight average
should be negative indicates that it is more likely for a
light ray to travel through underdensities while a few
special light rays that travel more through overdensities
have larger numerical values of their shifts so that they
make up for (and more), for the positive shifts of the
other light rays.
11
Model 99% limits for
〈
µ−1
〉− 1 〈µ−1〉− 1± σµ−1 99% limits for 〈µ〉 − 1 〈µ〉 − 1± σµ
sz1
[−2.13 · 10−4, 3.46 · 10−4] 6.55 · 10−5 ± 1.09 · 10−4 [8.21 · 10−4, 1.38 · 10−3] 1.10 · 10−3 ± 1.10 · 10−4
ltb1
[−2.07 · 10−4, 3.50 · 10−4] 7.01 · 10−5 ± 1.08 · 10−4 [8.11 · 10−4, 1.37 · 10−3] 1.09 · 10−3 ± 1.09 · 10−4
sz2
[−6.38 · 10−5, 1.23 · 10−4] 2.94 · 10−5 ± 3.63 · 10−5 [7.65 · 10−6, 1.94 · 10−4] 1.01 · 10−4 ± 3.62 · 10−5
ltb2
[−5.66 · 10−5, 1.27 · 10−4] 3.52 · 10−5 ± 3.58 · 10−5 [7.65 · 10−6, 1.94 · 10−4] 9.12 · 10−5 ± 3.57 · 10−5
TABLE III. Average values of µ and µ−1 with standard deviation and 99% confidence intervals obtained with 105 bootstrap
samples.
V. CONCLUSION
Light propagation in four Swiss cheese models only dif-
fering in terms of the shapes of their individual struc-
tures was studied. In particular, the redshift-distance re-
lation, shear and expansion rate were studied along light
rays initialized equivalently in the four models. Despite
the anisotropies of the Szekeres models, light rays ini-
tialized equivalently in the four models were all found
to travel through equivalent portions of spacetime. The
angular diameter distance along light rays in two of the
models, models sz2 and ltb2, deviate significantly less
from the background value than in the other two models,
models sz1 and ltb1. This is consistent with the much
more prominent density contrasts in the latter two mod-
els. While the angular diameter distance along equivalent
light rays in models sz1 and ltb1 are similar, there is a
noticeable difference between the angular diameter dis-
tances computed along the equivalent light rays of models
sz2 and ltb2. This can presumably be attributed the par-
ticular anisotropies in the structures of models sz1 and
sz2. Analogous similarities were found for the expan-
sion rate and projected shear along the light rays. In
addition, the integrals of the projected shear and of the
fluctuations in the expansion rate along the light rays
were found to cancel with each other to a high precision.
This was also found in [26] and it would be interesting to
learn if it is a particular feature of Szekers/LTB models
or if the feature persists for a larger group of spacetimes.
The line-of-sight average of the angular diameter dis-
tance to the surface of last scattering, 〈δDA,ls〉, was com-
puted using 98304 light rays for each model. For the
two models with largest energy-density fluctuation am-
plitudes, 〈δDA,ls〉 was found to be of order 10−4. For the
two other models, it was two orders of magnitude smaller.
For three of the four models, the shift was found to be
negative. This is in agreement with perturbative results
found in [12, 39–41]. Even in the single case of a positive
average 〈δDA,ls〉, the result cannot be claimed to be in
discordance with perturbation theory since the result has
a very low statistical significance.
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